Abstract. Within the lowest-order relativistic approximation (∼ v 2 /c 2 ) and to first order in m e /M , the tensorial form of the relativistic corrections of the nuclear recoil Hamiltonian is derived, opening interesting perspectives for calculating isotope shifts in the multiconfiguration Dirac-Hartree-Fock framework. Their calculation is illustrated for selected Li-, B-and C-like ions. The present work underlines the fact that the relativistic corrections to the nuclear recoil are definitively necessary for getting reliable isotope shift values.
Introduction
Nuclear and relativistic effects in atomic spectra are treated in the pioneer works of Stone [1, 2] and Veseth [3] . The theory of the mass shift has then been reformulated by Palmer [4] . Calculations of nuclear motional effects in many-electron atoms have been performed by Parpia and co-workers [5, 6] in the relativistic scheme, using fully relativistic wave functions, but adopting the non-relativistic form of the recoil operator. Relativistic nuclear recoil corrections to the energy levels of multicharged ions have been estimated by Shabaev and Artemyev [7] who derived the relativistic corrections of the recoil Hamiltonian. In a study of isotope shifts of forbidden transitions in Be-and B-like argon ions, Tupitsyn et al [8] showed that a proper evaluation of the mass isotope shift requires the use of this relativistic recoil operator. The latter has also been shown to be crucial by Porsev et al [9] for calculating isotope shifts of transitions between the fine structure energy levels of the ground multiplets of Fe I and Fe II.
As far as computational atomic structure is concerned, the extension of the available relativistic codes such as grasp2k [10] or mcdf-gme [11, 12] is needed for estimating these mass corrections properly for any many-electron system. Programs to calculate pure angular momentum coefficients for any scalar one-and two-particle operator are available [13] but do require the knowledge of the tensorial structure of the operators to be integrated between the many-electron atomic wave functions [14] . The tensorial form of the nuclear recoil Hamiltonian is derived in the present work, opening interesting perspectives for calculating isotope shifts in the multiconfiguration Dirac-Hartree-Fock (MCDHF) framework.
The relativistic mass shift operator
In the MCDHF method, the atomic state function (ASF) Ψ(γP JM J ), of a stationary state of an atom, is expressed as a linear combination of symmetry-adapted configuration state functions (CSFs) Φ(γ p P JM J ), i.e.
Ψ(γP JM
where J is the total electronic angular momentum of the state, γ represents the electronic configuration and intermediate quantum numbers, and P stands for the parity. The mixing coefficients c p and the one-electron radial wave functions spanning the CSFs are optimized by solving the MCDHF equations iteratively until self-consistency. The latter are derived by applying the variational principle to the energy functional based on the Dirac-Coulomb Hamiltonian [14] 
where V (r i ) is the monopole part of the electron-nucleus interaction, α and β are the (4 × 4) Dirac matrices and c is the speed of light (c = 1/α in atomic units, where α is the fine-structure constant).
The mass shift of the energy levels in an atom with nuclear mass M is caused by the recoil motion of the atomic nucleus. The corresponding recoil Hamiltonian
has been derived within the lowest-order relativistic approximation and to first order in m/M by Shabaev and collaborators [7, 8] . Rewriting it as the sum of the normal mass shift (NMS) and specific mass shift (SMS) contributions and using the tensorial form r 1 = rC 1 , (3) becomes
with
that, in both cases, are rewritten as a sum of three separate contributions:
and
Since the expectation values of the NMS and SMS operators are evaluated with the MCDHF wave functions, the expectation values H 1 NMS and H 1 SMS partly contain the relativistic contributions. Tupitsyn et al [8] pointed out that averaging the nonrelativistic recoil operator with the relativistic wave functions strongly overestimates the relativistic correction to the recoil effect such as it becomes important to use the complete form (3) when one works in the relativistic scheme.
Normal mass shift expectation value
The (mass-independent) normal mass shift parameter K NMS is defined by the following expression
By analogy with (7), we define K NMS as the sum of
NMS . Applying the Wigner-Eckart theorem [15] , the matrix element of the normal mass shift operator is M J -invariant and is proportional to the reduced matrix element (r.m.e.) ‡
(10) ‡ The two definitions of r.m.e are related to each other through γJ
Using multiconfiguration expansions (1), the reduced matrix elements of the general spherical tensor operator
The reduced matrix elements of the one-electron operator T k = i t k (i) between CSFs is expressed as a sum over single-particle reduced matrix elements
where the T ps (ab) are the spin-angular coefficients arising from Racah's algebra [13, 14, 16] . Introducing the one-body normal mass shift operator associated to (5) (H NMS = i h NMS (i))
we hereafter derive the expression of its r.m.e., using relativistic central-field one-electron wave functions
P a and Q a are respectively the large and small components of the relativistic one-electron radial wave function a = (n a κ a ), where κ = (l − j)(2j + 1).
Introducing the notation ∂ r ≡ ∂ ∂r , the action of the operator p 2 on the large (F = P ) and the small (F = Q) component of a relativistic wave function
is found using
From this expression and integrating by parts, the first term of the one-electron matrix element NMS operator (13) becomes,
with l = 2j − l. Building the Dirac matrices α from α = σ x ⊗ σ with
one rewrites the second and the third parts of the NMS operator (13) as
Taking into account that (see (A.4.9) and (3.2.14) in [14] )
with K = −(1 + σ · l), the operator A becomes
Acting on the one-electron relativistic wave function component, it gives
from which one derives, integrating by parts, the one-electron matrix element of the second and third parts of the NMS operator
Combining (17) and (25) to deduce the r.m.e. of the normal mass shift operator (13), we obtain the final expression
Specific mass shift expectation value
Similarly to (10), the (mass-independent) specific mass shift parameter K SMS is defined as
SMS as its contributions according to (8) . Its evaluation requires the calculation of the corresponding matrix elements in the CSF space. For the general scalar two-particle operator
the reduction of the many-electron r.m.e. in terms of the two-electron integrals X k , also called effective interaction strengths [14] ,
can be performed using Racah's algebra [13, 14, 16] . For the specific mass shift Hamiltonian (6), using k = 1, all three terms have the particular form
in which the radial part g 1 (r i , r j ) of (29) is factorized. Adopting the covariant notation for the 3j-symbol of Wigner [17] and using the definition of the scalar product of two irreducible tensor operators and the Wigner-Eckart theorem, the matrix element of (31) can be written as follows
where
From the structure of (8), the latter has three components
that we analyzed hereafter separately.
Introducing the one-electron reduced matrix element
the first contribution to the effective interaction strength writes as
recovering the uncorrected relativistic expression used in [5, 6] .
For the second term of the SMS operator, we identify from (6), (8), (33) and (34) g(r i )T
Introducing the matrix element
and using the r.m.e. (36) , the corresponding contribution to the effective interaction strength is
Similarly, the two components of the third term of the SMS operator are
Using the matrix element
and the r.m.e. (36) , the third contribution to the effective interaction strength takes the form
where we take advantage of
Useful one-electron reduced matrix elements
Equations (26), (38) , (41) and (44) are the final key expressions of the relativistic mass shift one-electron r.m.e. that involve the following three reduced angular one-electron matrix elements
where π (l a , l c , 1) is defined by :
Applications
We wrote a new program, hereafter referred as rms2, for estimating the expectation values of the relativistic nuclear recoil operators using MCDHF wave functions calculated with the grasp2K package [10] . This code is based on the previous program sms92 [6] in which
• for the NMS, the one-electron radial integrals (expression (39) of the original paper [6] ) are replaced by the corresponding relativistic expression (26),
• for the SMS, the first contribution X 1 1 (abcd) (expression (40) of the original paper [6] ) is corrected by adding the relativistic contributions (41) and (44).
It is important to notice that the program sms92 calculates the uncorrected NMS as the expectation value i T i , where T i is the Dirac kinetic energy operator
2 associated to electron i, while the program rms2 uses more accurately
, which is consistent with section 2.1. An equivalent version has been written for the code mcdf-gme.
In the present work, we evaluate the NMS and SMS parameters (9) and (27) for some low-lying levels of neutral lithium, boron-like argon and two medium-Z carbon-like ions (Ca XV and Sc XVI) to investigate the importance of the relativistic corrections. The nuclear charge distribution is described by a Fermi model. Nuclear masses (M N ) are calculated by taking away the mass of the electrons and the binding energy from the atomic mass (M A ), using the formula:
where the total binding energy of the electrons (expressed in eV) is estimated using [18, 19] B el (Z) = 14.4381 Z 2.39 + 1.55468 · 10
The atomic and nuclear masses relevant to the present work are reported in Tables 1. When discussing a transition mass isotope shift, one needs to consider the variation of the mass parameter from one level to another. The line k frequency isotope shift, δν
)/h, between the isotopes A 1 and A 2 , of nuclear masses M 1 and M 2 respectively, is usually written as the sum of the normal mass shift (NMS), specific mass shift (SMS) and field shift (FS) contributions :
where ∆K MS is the difference of the K MS parameters of the levels involved in transition k. As far as conversion factors are concerned, we use
Note that thanks to the separability enhanced in (4), (52) can be applied to both the mass contributions NMS and SMS, separately.
Hydrogen-like selenium
Below we present some relevant calculations of the expression (26) for a heavy oneelectron ion (Se XXXIV, Z = 34). This choice is motivated by the interesting comparison with the unpublished work of Kozlov [22] . Table 2 . In the second and third column respectively, comparison is made with the numerical results of Kozlov together with our analytical values. The latter are based on analytical hydrogenic wave functions [23] . The agreement is very satisfactory. § This conversion factor is calculated as (m e /u)2R ∞ c × 1.10 −9 = 3609.4824 using the 2006 CODATA recommended values of the fundamental physical constants [21] .
The values reported in Tables 2 and 3 are based on α −1 = 137.035989500 adopted in grasp2K. 
Lithium-like systems using Dirac one-electron wave functions
The SMS parameters for Li-like iron (Z = 26) and selenium (Z = 34) are calculated in the single configuration approximation using three-electron wave functions built on unscreened Dirac solutions. The results are reported in Table 3 and compared with independent estimations using an adapted version of mcdf-gme [11, 24] and with the analytical results. The three sets are consistent with each other but sensitively different from Kozlov's values [22] reported in the last column of the table. Note that the comparison is somewhat unfair to Kozlov since the grid parameters used for the discrete representation of orbital wave functions have been adapted in both programs (rms2 and mcdf-gme) to achieve a better accuracy. 
Neutral lithium in the MCDHF approach
The MCDHF active space method consists in writing the total wavefunction as a configuration state function expansion built on a set of active one-electron orbitals. To investigate the convergence of the property, the orbital set is systematically expanded up to n = 10, but imposing the angular restriction l max = 6 (i orbitals). The sequence of CSFs Active Spaces (AS) is resumed as follows AS 0 = 1s 2 2s,
AS 5 = AS 4 + {5s, 5p, 5d, 5f, 5g} , AS 6 = AS 5 + {6s, 6p, 6d, 6f, 6g, 6h} , AS 7 = AS 6 + {7s, 7p, 7d, 7f, 7g, 7h, 7i} , AS 8 = AS 7 + {8s, 8p, 8d, 8f, 8g, 8h, 8i} , AS 9 = AS 8 + {9s, 9p, 9d, 9f, 9g, 9h, 9i} , {10s, 10p, 10d, 10f, 10g, 10h, 10i} , where the (nl)-notation implies the relativistic shell structure j = l ± 1/2. The configuration space is increased progressively, by adding at each step a new layer of variational orbitals, keeping the previous ones frozen from the (n − 1) calculation. The MCDHF expansions are based on single and double (SD) excitations from the configuration reference. Triple excitations are investigated through SDT-configuration interaction (CI) calculations. Tables 4 and 5 present the evolution of the NMS and the SMS parameter, respectively. In each table both the uncorrected (K 1 MS ) and corrected (K MS ) values are reported. Comparing the SD and SDT calculations, we observe that the influence of the triple excitations reaches more than 1 % for the SMS while it is one order of magnitude smaller (0.1%) for the NMS.
In Table 6 Table 7 and discussion below), the comparison with other theoretical works presented in Table 6 is transitions respectively. However, the uncorrected NMS contribution and therefore, the total NMS values, sensitively differ from each other by around 1.6 GHz u. This latter discrepancy is not understood yet and clearly deserves further investigations.
The uncorrected contribution of the SMS is also compared with the non-relativistic result of Godefroid et al [26] using the multiconfiguration Hartree-Fock method. More interesting is the comparison with the recent SMS values of Kozhedub et al [25] investigating the relativistic recoil corrections and using the same NMS and SMS partition according to (5) and (6) . As for the NMS, the relativistic corrections are in very nice agreement (they report ∆( K The comparison with observation for the individual mass contributions is also limited. There are a few reasons for this. First, as illustrated by (51), the field shift contribution should be properly subtracted from the observed transition frequency before trying to extract the mass contribution. But this is usually the other way round that makes the theoretical calculation of mass shifts interesting: for a fewelectron atomic systems like lithium indeed, the difference between the mass contribution calculated by elaborate ab initio calculations and the observed transition IS allows to extract the change in the mean square charge radius of the nuclear charge distributions for all isotopes, as illustrated by the very recent and complete work of Nörtershäuser et al [27] . Another good reason is that once the FS "eliminated", a clean separation of the NMS and SMS contributions could be criticized, as pointed out by Palmer [4] . However, remembering that for lithium, the FS is roughly 10 4 times smaller than the MS, it is worthwhile to neglect it for trying the mass separation exercise. There is indeed one experimental work by Radziemski et al [28] discussing the NMS and SMS separation in this line but as we will observe later (see Table 7 ), the corresponding experimental transition IS values are not aligned with most of the other observed values. In their work, these authors separate the two mass shift contributions from the experimental transition IS in 6, 7 Li, neglecting the field shift contribution and approximating the Bohr mass shift by the experimental observed level energy, as suggested by Mårtensson and Salomonson [29] ,
From the same expression, we build the transition Bohr mass shift for the 6, 7 Li isotope pair
from the obserbed transition energy. Combining (52) and (54), one finds
from which we estimate the "observed" NMS values reported in Table 6 , using the most recent absolute frequency measurements of Das and Natarajan [30] . The corresponding "observed" ∆ K SMS values are calculated by substracting the so-estimated NMS contribution from the experimental IS line shifts (−443.9490(16) GHz u and −443.9126(29) GHz u, for D 1 and D 2 , respectively). Note that we did not take the liberty of reporting the frequency uncertainties estimated by Das and Natarajan on the separate contributions, the separability of NMS and SMS being by itself questionable. Cleaner and in principle less problematic should be the comparison of the total mass shifts, as reported in Table 7 . On the theoretical side, we refer to the study of Korol and Kozlov [31] treating electron correlation with configuration interaction (CI) and many-body perturbation theory (MBPT) methods with Dirac-Fock orbitals, to the calculations of Kozhedub et al [25] using large-scale configuration-interaction Dirac-Fock-Sturm method and to the Yan et al [32] calculations estimating the mass [25] .
b NMS values deduced from the transition frequencies [30] using (55) (see text). c Non-relativistic MCHF calculations [26] . d SMS values obtained by subtracting the "observed" NMS (see footnote b above) from the IS measured by Das and Natarajan [30] .
corrections from highly correlated non-relativistic wave functions expressed in Hylleraas coordinates ¶. From all these elaborate results, we only kept the mass contributions, systematically excluding the contributions from the nuclear size corrections. We already noticed the differences between Kozhedub et al 's results and ours appearing in the separate NMS and SMS contributions. As commented above, these differences do not arise from the relativistic corrections (K 2 + K 3 ), but rather from the "uncorrected"K 1 values, and should be further investigated. Our results seem to be of higher quality than ¶ The values of Yan et al reported in the Kozhedub's paper [25] suggest that the atomic mass has been used in order to evaluate the mass shift parameter. In table 7, the Yan et al 's values have been reevaluated using the nuclear mass.
the CI+MBPT results of Korol and Kozlov. As far as the differences with Yan et al 's results are concerned, we should keep in mind i) that our orbital active set is truncated to l max = 6, ii) that the layer approach adopted in the SD-MCDHF optimization could be a limiting factor and iii) that the convergence of the ∆ K MS parameter as a function of the size of the active set is slow and not yet achieved at n = 10, as illustrated by the comparison of the two n = 9 and n = 10 sets of results reported in the Table 7 .
On the experimental side, we display in the same Table 7 , the experimental isotope shift values somewhat abusively converted in ∆ K MS parameters, ie. neglecting the FS contribution and inverting (52),
As already mentioned, this conversion is unfair to physicists who do some huge efforts to extract the nuclear charge radii from the FS [27] , but has the merit of illustrating where the present modest contribution lies in the distribution of experimental values. From this not exhaustive chronological list ( [33, 28, 34, 35, 36, 37, 30] ), it is clear that Radziemski et al 's results lie a bit outside the experimental distribution. 2 } multireference set to the full orbital set. The expansion for the two J values includes more than 200 000 relativistic CSFs. This computational strategy has been developed by Rynkun et al [38] for the evaluation of transition rates in boron-like ions, from N III to Zn XXVI. Table 8 illustrates the convergence of the NMS and SMS contributions with the increasing of the active set. In Table 9 , the isotope shifts of the forbidden transitions [8] . In their work, the CI Dirac-Fock method was used to solve the Dirac-Coulomb-Breit equation and to calculate the energies and the isotope shifts. The CSFs expansions were generated including "all single and double excitations and some part of triple excitations". The nuclear charge distribution is described by a Fermi model and is therefore consistent with the present work. The large cancellation of the terms involved in the transition isotope shift makes accurate calculations very challenging. Table 9 shows the individual contributions of operators (5) and (6) to the wavenumber mass shift. A good agreement is observed between the two sets of values, the total wavenumber mass shift values differing by less than 0.8%. This example beautifully confirms the importance of the relativistic corrections to the recoil operator: the total wavenumber mass shift would be indeed 50% smaller if estimated from the uncorrected form of the mass Hamiltonian H 
C-like ions calculations
As another illustration of the importance of the relativistic corrections to the recoil operator, the values of the SMS, NMS and total level mass shift parameters are reported in Table 10 [39] to calculate transition rates, hyperfine structures and Landé g factors for all carbon-like ions between F IV and Ni XXIII. On the absolute scale of level shift parameters, one observes that the relativistic corrections (K 2 NMS + K 3 NMS ) to the NMS have the same order of magnitude than the uncorrected SMS contribution. Transition isotope shifts are more interesting properties since they are the real observables if the resolution is good enough. These are monitored by the differential effects on the level IS. It is interesting to infer from Table 10 the possible mass isotope shifts on the intraconfiguration (M1/E2) transition frequencies. Considering for example the Ca XV 3 P 1 → 3 P 2 transition, the uncorrected total mass shift change is enlarged by a factor two when including the (K 
Conclusion and outlook
The irreducible tensorial form of the nuclear recoil Hamiltonian is derived in the present work, opening interesting perspectives for calculating isotope shifts in the multiconfiguration Dirac-Hartree-Fock framework. We implemented the formalism in the relativistic package grasp2K by writing a dedicated code (rms2) for estimating the expectation values of the relativistic nuclear recoil operators. The comparison with other works is satisfactory and the results are promising, although not achieving the accuracy of the state-of-the-art methodology available for a few-electron systems. Electron correlation remains the major problem that might be solved in our schema with the use of "localized pair-correlation functions interaction method", as proposed by Verdebout et al [40] . The present work enhances the fact that the relativistic corrections to the nuclear recoil are definitively necessary for getting reliable isotope shift calculations. The new computational tool, that we developed on the basis of the irreducible tensorial operator techniques, will hopefully provide valuable mass isotope shift data for large systems for which there are no reliable theoretical or experimental values.
